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We study the order-from-disorder transition and reentrant magnetism in La2−xSrxCu1−zZnzO4
within the framework of a long-wavelength nonlinear sigma model that properly inorporates the
Dzyaloshinskii-Moriya and XY anisotropies. Doping with nonmagneti impurities, suh as Zn, is
onsidered aording to lassial perolation theory, whereas the eet of Sr, whih introdues harge
arriers into the CuO2 planes, is desribed as a dipolar frustration of the antiferromagneti order.
We alulate several magneti, thermodynami, and spetral properties of the system, suh as the
antiferromagneti order parameter, σ0, the Néel temperature, TN , the spin-stiness, ρs, and the
anisotropy gaps, ∆DM and ∆XY , as well as their evolution with both Zn and Sr doping. We explain
the nonmonotoni and reentrant behavior experimentally observed for TN(x, z) by Hüker et al. in
Phys. Rev. B 59, R725 (1999), as resulting from the redution, due to the nonmagneti impurities,
of the dipolar frustration indued by the harge arriers (order-from-disorder). Furthermore, we
nd a similar nonmonotoni and reentrant behavior for all the other observables studied. Most
remarkably, our results show that while for x ≈ 2% and z = 0 the Dzyaloshinskii-Moriya gap
∆DM = 0, for z = 15% it is approximately ∆DM ≈ 7.5 m
−1
. The later is larger than the lowest
low-frequeny uto for Raman spetrosopy (∼ 5 m−1), and ould thus be observed in one-magnon
Raman sattering.
PACS numbers:
I. INTRODUCTION
High temperature superondutivity is obtained by in-
troduing harge arriers (holes or eletrons) into Cu-
based Mott-Hubbard insulators. At half lling suh sys-
tems exhibit long range antiferromagneti (AF) order in
the ground state, whih is however rapidly suppressed
by the introdution of harge arriers. Consider, for ex-
ample, the ase of La2CuO4, the simplest of the par-
ent ompounds. The replaement of La
3+
by Sr
2+
ions
in La2−xSrxCuO4, through whih holes are doped into
the CuO2 planes, auses the destrution of the anted
Néel order already at x ≈ 0.02,1 showing that the doped
holes strongly frustrate the underlying AF order within
the CuO2 planes. Conversely, doping of iso-valent non-
magneti impurities into La2CuO4 is known to have less
dramati eets. For example, by replaing Cu
2+
for
Zn
2+
in La2Cu1−zZnzO4,
2
the AF order is suppressed at
muh higher impurity onentration and the monotoni
and rather smooth derease of the Néel temperature TN
with z an be desribed, at least in the limit of low dilu-
tion, within lassial perolation theory.
The ombined eet of adding holes and nonmagneti
impurities into La2−xSrxCu1−zZnzO4 was studied exper-
imentally by Hüker et al.
3
It has been found that, even
though eah kind of impurity independently suppresses
the AF order, an enhanement of the antiferromagnetism
an our when these impurities are ombined. For ex-
ample, in the presene of Zn, z > 0, the AF order survives
for x > 0.02.3 More interestingly, it was also found that
for x = 0.017, the Néel temperature exhibits a nonmono-
toni behavior as a funtion of Zn doping. In fat, TN is
rst enhaned from 125 K at z = 0 to 144 K at z = 0.05,
and only then starts to be suppressed by the dilution (see
Fig. 4 of Ref. 3).
This remarkable reentrant eet was immediately ad-
dressed theoretially by Korenblit et al.,
4
who rst sug-
gested that Zn redues the frustration indued by Sr,
through the dilution of ferromagneti bonds. These au-
thors onsidered an isotropi Heisenberg spin system and
negleted the Dzyaloshinskii-Moriya (DM) and pseudo-
dipolar (XY) anisotropies, inluding only the muh
smaller interplanar superexhange J⊥. More reently,
however, the same authors suggested that J⊥ has little
or nothing to do with the suppression of the AF order
in La2−xSrxCu1−zZnzO4 (J⊥ was shown to be almost x
and z independent), whih should be, instead, solely de-
termined by intraplanar orrelations.
5
This is in agree-
ment with the reent ndings of Jurii et al.,
6
where it
has been shown that the robustness of the anted Néel
state is determined by the DM gap. The ollinear long
range AF order is destroyed when the renormalized DM
gap vanishes, at x ≈ ∆DM/J ∼ 0.02, and for higher
doping the magnetism beomes inommensurate.
6,7
The
DM and XY anisotropies have also been shown to be
behind the unusual magneti suseptibility response in
La2−xSrxCuO4,
8,9
for a rather wide range in doping and
temperature. In addition they are also responsible for the
appearane of a eld-indued mode in the one-magnon
Raman spetrum of La2−xSrxCuO4.
10,11
Thus it is lear
that any realisti desription of the reentrant magnetism
in La2−xSrxCu1−zZnzO4 must properly take into aount
suh anisotropies.
In this paper we revisit the problem of the redution
2of frustration in La2−xSrxCu1−zZnzO4, rst proposed
by Korenblit et al.,
4
within the framework of a long-
wavelength nonlinear sigma model (NLSM) that properly
inludes DM and XY anisotropies, dilution and frustra-
tion. We show that indeed dilution weakens the frus-
tration by reduing the dipolar-magnon oupling on-
stant. The result is a nonmonotoni behavior not only
for TN , but also for other observables like: order param-
eter, weak-ferromagneti moment, and anisotropy gaps.
Moreover, sine the destrution of the AF order is di-
retly related to the vanishing of the DM gap,
6
we nd
that the reentrant antiferromagnetism is aompanied by
a reentrant behavior for the DM gap itself. Finally, we
show that the NLSM formulation, together with lassi-
al perolation theory, an also desribe the experiments
in the highly Zn-diluted limit, provided the appropriate
bond perolation fator is used.
The paper is organized as follows. In setion II we dis-
uss the dierent impurities to be onsidered, we review
the derivation of the anisotropi NLSM for La2CuO4, in-
trodue dilution by Zn aording to the lassial perola-
tion theory, and inlude the dipolar frustration within the
framework of the Shraiman and Siggia model.
12
In se-
tion III we present our general model and ompute all the
renormalizations of the physial quantities. In setion IV
we disuss the eet of the redution of frustration in dif-
ferent physial quantities and propose experiments that
ould lead to the observation of these eets. This setion
is written in suh a way that the reader not interested
in the theoretial details an skip setions II and III. In
setion V we present our onlusions. In Appendix A we
review the ontinuum limit for the site and bond pero-
lation fators, while in Appendix B we provide a detailed
derivation of the NLSM with dilution.
II. IMPURITIES IN HOST La2CuO4
La2CuO4 is a layered antiferromagnet with a rather
large XY anisotropy whih below 530 K is in the low-
temperature orthorhombi (LTO) phase. Although the
orthorhombiity resulting from the staggered tilting of
the CuO6 otahedra is small, it is responsible for the pres-
ene of an antisymmetri exhange of the DM type one
the spin-orbit oupling is onsidered. Together, these two
anisotropies, DM and XY, gap the transverse spin-wave
exitations along the a and c orthorhombi axis respe-
tively, and lead to a anted antiferromagneti ordering
along the b orthorhombi diretion, see Fig. 1b).
Theoretial studies of La2CuO4 onentrate on the Cu
lattie, beause all the other atoms (La
3+
, O
2−
) are in
a losed shell onguration. In the rystal Cu
2+
has a
missing eletron in the dx2−y2 orbital, whih arries a
spin 1/2 and orders antiferromagnetially below TN=325
K. There are two kinds of impurities whih, at some
value of doping, destroy the antiferromagneti order in
the layered La2CuO4 ompound. Replaing La
3+
with
Sr
2+
leads to a rapid suppression of the antiferromag-
b
c = z
y
x
a
LTO
D+
L
n
Cu++
O−−
a) b)
FIG. 1: Left: Tetragonal (xyz) and orthorhombi (abc) o-
ordinate systems. Right: In the LTO phase the tilting axis
of the CuO6 otahedra, represented by the vetor D+ (in
green), determines the orthorhombi a axis. The DM and
XY anisotropies then determine that the staggered order pa-
rameter n (in red) is oriented along the orthorhombi b di-
retion while the weak-ferromagneti moment L (in blue) is
perpendiular to the CuO2 plane.
neti order in the plane. This happens beause the holes
donated to the planes form Zhang-Rie singlets with the
loal moments of Cu
2+
,
13
whih at as eetive mobile
holes in the spin lattie. Doping the rystal with Zn,
i.e. substituting Cu
2+
with iso-valent Zn
2+
, introdues
vaanies at the Cu positions. In fat, Cu
2+
has an ele-
troni onguration [Ar℄3d
9
, while Zn
2+
is [Ar℄3d
10
. This
means that there is no magneti moment at the Zn po-
sition and therefore the eet of Zn-doping is simply to
dilute the spins within the plane.
The eet of the ompetition between Sr and Zn im-
purities in La2−xSrxCu1−zZnzO4 was experimentally in-
vestigated in Ref. 3 and addressed theoretially in Refs.
4 and 14 . Both theoretial works have, as starting
point, an isotropi quantum Heisenberg Hamiltonian on
a square lattie. However, reent experimental
8,10,15
and
theoretial
9,11,16,17,18
studies have emphasized the very
important role of DM and XY anisotropies and thus we
shall now desribe the eet of dilution and frustration
in an eetive model inluding anisotropies.
A. Undoped La2CuO4
At long wavelengths, the isotropi Heisenberg Hamil-
tonian is well desribed, in the paramagneti phase, by
a O(3) NLSM.19 In this paper, however, we use a gen-
eralized NLSM, derived by Chovan and Papaniolaou in
Ref. 16 and Silva Neto et al. in Ref. 9, whih inludes
the DM and XY anisotropies. The ation of the model
reads
Stot =
∫
dτ [LH + LDM + LXY + LWZ ],
= S2
∑
<i,j>
JΩiΩj +Dij · (Ωi ×Ωj) +ΩiΓ̂ijΩj
− iS
∑
jǫ2Dlattice
δΩj · (Ωj × ∂0Ωj). (1)
3In Eq. (1), LH , LDM , LXY and LWZ are, respetively,
the Heisenberg, DM, XY, and Wess-Zumino terms, Ω
is a unit vetor along the spin diretion, S = SΩ, and
S = 1/2. The super-exhange parameter is denoted by
J . The DM vetorDij and the anisotropy matrix Γ̂ij are
dened on the Cu-Cu bonds.
20,21
In the (x, y) oordinate
system, see Fig. 1, Dx = (0, d, 0), Dy = (d, 0, 0), Γ̂x =
diag(Γ1 + Γ2,Γ1 − Γ2,Γ3), and Γ̂y = diag(Γ1 − Γ2,Γ1 +
Γ2,Γ3). Here, the index xmeans along the horizontal Cu-
O-Cu bonds, y means along the vertial Cu-O-Cu bonds,
d ∼ 10−2J , Γ1,2,3 ∼ 10−4J , and Γ1 > Γ3.
Our next step is to separate the fast l and slow n vary-
ing spin omponents
Ωi = (−1)ini
√
1− (ali)2 + ali
≃ (−1)ini + ali − (−1)
i
2
a2nil
2
i . (2)
In Eq. (2) a is the lattie onstant and i is an index on
the 2D lattie, i = (p, q); (−1)i should be understood as
(−1)p+q, ni as np,q. After substituting Eq. (2) into Eq.
(1) we nd
Stot =
∫
d2r
{JS2
2
[(∇n)2 + 8l2] + 4S
2
a
d+ · (n× l)
+
2S2
a2
(Γ1 − Γ3)n2z −
iS
a
l · (n× n˙)
}
, (3)
where d+ = (Dx +Dy)/2.
B. Eet of non-magneti impurities - Zn doping
Reently, an eetive eld theory for the Heisenberg
antiferromagnet with non-magneti impurities was de-
rived by Chen and Castro Neto.
22
While in Ref. 22 the
authors only onsidered the isotropi ase, here we gen-
eralize the results of Ref. 22 to inlude the DM and XY
anisotropies.
We introdue a funtion pi, whih is 1 on a Cu site
and zero on a Zn site, with the property p2i = pi. We
then assume this funtion to be smooth and expand pj
in the neighborhood of its nearest neighbor site. In a
ontinuum limit, pi and Kij = pipj are replaed, respe-
tively, by p(r) and K(r), whih are the so alled site and
bond perolation fators. As it is shown in the Appendix
A, for the ase of a homogeneous distribution of stati
impurities, they an be replaed by their average values,
P∞(z) = 1 − z and K(z) = 1 − 3z. In the following
we omit the z-dependene in P∞ and K for the sake of
shortening the notation.
In the presene of dilution, the ation (1) will be mod-
ied as follows: the terms LH , LDM , and LXY , whih
ontain
∑
<i,j> f(Ωi,Ωj), will be multiplied by K. The
Wess-Zumino term, on the other hand, ontains Ω3i and
therefore it is proportional to p3(r) = p(r). Thus, within
the homogeneous distribution assumption, it will be mul-
tiplied by P∞. In this way, K and P∞ appear simply as
prefators of the relevant integrals.
22
A detailed deriva-
tion of the NLSM in the presene of nonmagneti impu-
rities is given in Appendix B.
The next step is to integrate out l in Eq. (3) to obtain
the ation in the presene of dilution (see Appendix B)
SZn =
1
2gc(K/P∞)
∫
dτ
∫
d2r
{
(∂τn)
2 + Z[c2(∇n)2 +m2an2a +m2cn2c ]
}
, (4)
where we have dened Z = K2/P∞, g is the usual NLSM
oupling onstant, and c is the spin-wave veloity. Here
we used that
√
2gcS2/Ja2d+ = 2
√
2Sd−→ea = ma−→ea and
(4gcS2/a2)(Γ1 − Γ3) = 32JS2(Γ1 − Γ3) = m2c , where−→ea is the unit vetor along the a orthorhombi diretion.
Therefore, the last two terms in Eq. (4) orrespond, re-
spetively, to the DM and XY anisotropy gaps, show-
ing that the spin ordering has an easy-axis along the or-
thorhombi b diretion, see Fig. 1.
From the above ation it is lear that when only
Zn impurities are doped into La2Cu1−zZnzO4 the two
anisotropy gaps renormalize aording to
Ma,c =
√
Z ma,c, (5)
and thus derease rather smoothly with dilution and van-
ish at the perolation threshold.
In what follows we shall swith freely between ∆DM
and Ma, when refering to the DM or in-plane gap, and
also between ∆XY and Mc, when refering to the XY or
out-of-plane gap, withouth any loss of generality.
C. Derivation of the Néel temperature
Let us now derive an expression for the Néel temper-
ature in terms of the anisotropy gaps and spin-stiness,
renormalized by dilution. Starting from the ation in
Eq. (4), we split the n-eld into its longitudional σ0
4and transverse n⊥ omponents, n = (na, σ0, nc). Here
n⊥ = (na, nc), and σ0 = const. is the order parameter.
The ation then reads
Sd[n⊥] =
1
2gc
1
β
∑
ωn
∫
d2k
(2π)2
n⊥Â
dn⊥, (6)
with
Âd = I2
[
(P∞/K)ω
2
n +Kc
2
k
2
]
+ diag[Km2a,Km
2
c ], (7)
where ωn = 2πn/β are the Matsubara frequenies, I2
is a 2D identity matrix, and β = 1/kBT is the inverse
temperature. Dening Tr as β−1
∑
ωn
∫
d2k/(2π)2 and
introduing the xed length onstraint into the ation
through a Lagrange multiplier, λ, the partition funtion
an be written as
Z =
∫
Dn δ(n2 − P∞) exp{−Sd[n]}
=
∫
Dσ0Dn⊥Dλ exp
{
− 1
2gc
Tr[n⊥Â
dn⊥
+ iλ(σ20 + n⊥
2 − P∞)]
}
=
∫
Dσ0Dλ exp{−Seff [λ, σ0]}, (8)
where the eetive ation reads
Seff [λ, σ0] =
1
2gc
Tr[iλσ20−iλP∞]+
1
2
∑
α=a,c
Tr ln[Adαα+iλ].
(9)
In Eqs. (8) and (9) we used that the average length of
spin per lattie site is P∞ in the diluted ase.
22,23
The thermodynami properties of the diluted system
an be determined, at the mean eld level, by solving the
saddle point equations of the eetive ation (9). From
δSeff [λ, σ0]/δλ = 0 we nd
P∞ − σ20
gc
=
∑
α=a,c
Tr
1
Adαα + iλ
. (10)
The only ondition for the trae to onverge is to hoose
iλ = m20, a real positive number. As usual, we interpret
it as the inverse orrelation length, m0 = 1/ξ.
At the Néel ritial point the order parameter σ0 van-
ishes, the orrelation length ξ diverges, and the equation
for the ritial temperature is
βP 2∞
gcK
=
∑
α=a,c
∑
ωn
∫
d2k
(2π)2
1
ω2n + Zc
2(k2 +m2α/c
2)
.
After performing the Matsubara summation and the in-
tegration over momenta, the last expression simplies to
4πβNP∞Kρs+
∑
α=a,c
ln
[
2 sinh
(βN
2
√
Z mα
)]
= 0, (11)
where βN = 1/kBTN and we dened the renormalized
spin stiness for the diluted system
ρs = c
(
1
2g
− 1
gcKP∞
)
, (12)
with gc dened through the ultra-violet momentum ut-
o Λ = 4π/gc, as usual.
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FIG. 2: Néel temperature (in K) as a funtion of Zn on-
entration for x = 0 up to the highly diluted regime. The
experimental data for either powder and rystal samples was
taken from Refs. 2 and 3.
The bond perolation fatorK(z) = 1−3z, proposed in
Ref. 22, (see Appendix A) desribes well the experimen-
tal data for TN (z) only in the low doping range.
3,22
For
highly diluted samples, however, single rystals were not
available before the work reported in Ref. 2. The exper-
iments were usually performed with single rystal sam-
ples below the doping threshold of z ≈ 20%, while above
25% powder samples were used. After Ref. 2, whih used
both single rystals and powder samples, our onlusion
is that for the heavily doped samples the bond pero-
lation fator should be modied aording to Refs. 24
and 25, whih suggest that K(z) = 1 − πz + πz2/2. In
this Watson-Leath (WL) presription, TN is zero at the
perolation threshold, zp. Theoretial, experimental, and
numerial studies of highly diluted La2Cu1−z[Mn,Zn℄zO4
are presented in Ref. 2. There the authors desribe an
experiment where the ritial point is found at z = 42%.
As it is observed in Fig. 2, using the bond perolation
fator as in the WL presription, we obtain the orret
desription in the heavily doped regime.
For the plot in Fig. 2 we used J = 100 meV, whih is
muh smaller than the real value of ≈ 135 meV, but is
the value that gives TN(x = 0, z = 0) = 325 K within
our saddle-point approximation. The inlusion of u-
tuations away from the saddle-point an allow for the
5more realisti value of J to be used. In the next setion
we disuss the eet of Sr doping and in the following
we shall onentrate our studies on single rystals doped
simultaneously with Sr and Zn.
D. Eet of frustration - Sr doping
In order to inorporate the eet of Sr doping in
La2Cu1−zZnzO4, we adopt the Shraiman and Siggia
model.
12
In this model the holes introdued in the system
(La2−xSrxCu1−zZnzO4) via Sr doping are represented by
an eetive dipolar eld that ouples to the bakground
magnetization urrent.
12
In Ref. 6 it was shown that this
interation leads to a redution of the magnon gaps and
spin stiness, in agreement with the experiments.
10
As we
shall now demonstrate, suh redution is not as strong if
the ompound is additionally doped with Zn, sine in the
presene of non-magneti impurities the eetive dipole-
magnetization-urrent interation should be multiplied
by the bond dilution fator. This mehanism of redution
of frustration by nonmagneti impurities has been on-
sidered earlier by Korenblit et al.
4
within the isotropi
O(3) NLSM. Here we disuss the role of anisotropies.
In the Shraiman-Siggia model the interation between
magnons and the dipolar eld in the absene of dilution
an be written as
Sint = −2λ
∫
dτ
∫
d2r Pµ · n× ∂µn, (13)
where
Pµ = i∂µΨ
−→σ Ψ+H.., (14)
Pµ is the dipolar eld representing the spin urrent of the
holes, Ψ is the spinor wave funtion of the doped holes
with dispersion entered at (π/2,±π/2) and symmetry
related points in the Brillouin zone,
−→σ are the three Pauli
matries, and µ is a lattie index.
In the presene of dilution the above dipole-magnon
interation will also have to be modied following the
proedure desribed in Appendix B. Essentially, one an
represent the semilassial bakground spin distortion as
a slowly varying SU(2) rotation of the Néel stateRr. The
hopping term for the doped holes involves the produt
RrR
+
r+a, and sine these are rotations in neighbouring
sites, i.e. RiR
+
j , in the presene of dilution this produt
has to be replaed by
RiR
+
j → RiR+j pipj , (15)
where i, j are nearest neighbor sites. Consequently, the
oupling onstant λ between the dipolar eld and the
bakground magnetization urrent in Eq. (13) should be
hanged aording to
λ→ Kλ, (16)
beause (13) omes from (15).
12
Here K is the bond di-
lution fator whih in the homogeneous approximation is
given by K =< pipj >.
x
x x x
x
xx
clean system dirty system diffusive dipoles
A B C
FIG. 3: Contribution to the magnon propagator from the
dipolar elds. The gure on the left (A) ontains the po-
larization diagram of the doped holes. In (B) we introdue
disorder through the sattering of the holes by impurities and
this is represented eetively by the magnon-dipole bubble
diagram (C) where we use the diusive dipole propagator.
III. GENERAL MODEL
The omplete ation desribing the simultaneous eet
of magneti dilution by Zn and frustration by Sr reads
S =
1
2gc(K/P∞)
∫
dτ
∫
d2r
{
(∂τn)
2 + Z[c2(∇n)2 +m2an2a +m2cn2c ]
}− 2λK ∫ dτ ∫ d2r Pµ · n× ∂µn+ Sd, (17)
where
Sd =
1
2
∫
dτ
∫
d2r PµG
−1
D Pµ (18)
desribes the utuations of the dipolar eld. Sine the
dipolar eld is a pseudo-fermioni omposite eld, it is
an operator that represents the spin urrent of the doped
holes, the dipolar suseptibility (inverse dipole propaga-
tor) an be obtained from a polarization diagram (see
Fig. 3).
In what follows we adopt the same proedure used by
Sahdev in Ref. 26 and we use the results from the Fermi
liquid polarization diagram in two dimensions. However,
while in Ref. 26 the ballisti limit (lean system) was used
in the alulation of the polarization diagram, see left di-
agram in Fig. 3, here we onsider the diusive limit (dirty
system) beause of the sattering of the doped holes by
the Sr impurities, see middle diagram in Fig. 3. This as-
sumption is onsistent with reent results from Lüsher
et al.
18
who have shown that the dynamis of these dipo-
6lar elds is highly diusive. Thus, we shall write for the
dipole propagator in the diusive limit (see right diagram
in Fig. 3)
GD(q, ωn) = κd
Dq2
Dq2 + |ωn| , (19)
where κd is proportional to the inverse stati suseptibil-
ity and D is the diusion onstant, whih is assumed to
be large.
Beause of the peuliar dipolar-magnon oupling from
Eq. (13), the magnon propagator will be renormalized
by the utuations of the dipolar eld (see Fig. 3). The
self-energy orretion to the magnon propagator is
ΣαM (q, ωn) = κd(λ
2K2)
gcK
P∞
ǫ2αβγ
1
β
∑
ωn
∫
d2k
(2π)2
(k+ 2q)2
ω2n + Zc
2(k+ q)2 + Zm2β
Dk2
Dk2 + |ωn| , (20)
where ǫαβγ is the ompletely antisymmetri tensor.
By summing up the one-loop orretions to the magnon Green's funtion, we obtain
G˜M = GM
∞∑
i=0
(ΣMGM )
i = [G−1M − ΣM ]−1. (21)
Writing this expression expliitly, we get for the magnon propagator
G˜αM
−1
(q, ωn) = (gcK/P∞)
−1
(
ω2n + Zc
2q2 + Zm2β
)
− ΣM (0)− 1
2
qµqν
∂2Σ(q)
∂qµ∂ν
∣∣∣
q=0
, (22)
where we expanded the self-energy around zero momentum up to the seond order term, in order to obtain a orretion
to the gaps and spin stiness, and thus
G˜αM
−1
(q, ωn) =
(
gcK
P∞
)−1
ω2n +
[
Kc
g
− δµν
2
∂2ΣαM (q, 0)
∂qµ∂qν
∣∣∣
q=0
]
q2 +
(
gcK
P∞
)−1 [
Zm2α −
gcK
P∞
Σ(0, 0)
]
. (23)
From the above equation the expressions for the mass and the spin stiness renormalizations are readily derived
M2α(x, z) = Zm
2
α −
gcK
P∞
Σ(0, 0) and ρs(x, z) = Kρs − δµν
2
∂2ΣαM (q, 0)
∂qµ∂qν
∣∣∣
q=0
, (24)
where c/g is the bare spin stiness in a lean system. Expliitly, the mass renormalization due to Sr and Zn impurities
reads
M2α(x, z) = Z
[
m2α − κd(gcλ)2ǫ2αβγZI(z)
]
, (25)
where
I(z) =
1
β
∑
ωn
∫
d2k
(2π)2
k2
ω2n + Zc
2k2 + Zm2β
Dk2
Dk2 + |ωn| . (26)
The spin stiness, on the other hand, renormalizes aording to the formula
(27)
ρs(x, z) = Kρs
[
1− 1
2β
∑
ωn
∫
d2k
(2π)2
(
∂2
∂q2
(k+ 2q)2
ω2n + Zc
2(k+ q)2 + Zm2β
∣∣∣
q=0
)
Dk2
Dk2 + |ωn|
]
.
The new momentum ut-o Λ for the dipoles, whih renormalizes the spin stiness, is set by kF =
√
πx, beause our
theory should be valid at distanes muh larger than the average distane between the Sr impurities.
In the zero temperature, T → 0, and highly diusive, D →∞, limits the expressions for Mα and ρs read
M2α[x, z;T → 0] = Z
{
m2α − κd(gcλ)2ǫ2αβγZ1/2
m3β
4πc4
[
1
3
[(
1 +
k2F c
2
m2β
)3/2
− 1
]
−
[(
1 +
k2F c
2
m2β
)1/2
− 1
]]}
, (28)
7and
ρs[x, z;T → 0] = Kρs
1− κd(gcλ)
2ǫ2αβγZ
1/2mβ
4πc4
1 +
(
k2F c
2
m2
β
)2
+ 1
2
k2F c
2
m2
β
− 1(
1 +
k2
F
c2
m2
β
)3/2

 . (29)
IV. OBSERVABLES
Eqs. (28) and (29) are the most important results of
this paper. As we an learly see, although both Mα
and ρs are redued when only Sr (λ 6= 0 and Z = 1) or
only Zn (λ = 0 and Z < 1) are doped independently into
La2CuO4, when ombined a nonmonotoni and reentrant
behaviour an indeed our due to the λ2
√
Z oeient
in the self-energy orretion (see Eqs. (28) and (29)).
In what follows we disuss the evolution with both Zn
and Sr doping of several spetral, thermodynami, and
magneti properties of the La2−xSrxCu1−zZnzO4 system
using the results obtained from the previous setion. As
we shall see, the nonmonotoni behaviour of dierent
physial observables, suh as the order parameter, the
Néel temperature, and the weak-ferromagneti moment,
all follow from the nonmonotoniity indued by the om-
petition between dilution and frustration in Mα and ρs.
A. Dzyaloshinskii-Moriya or in-plane gap
Jurii et al.
6
have reently studied the evolution of
the DM gap with Sr in La2−xSrxCuO4 (see also Lüsher
et al.
18
). One of the most important ndings reported
in Ref. 6 was that the DM gap gives robustness to the
anted Néel state and vanishes at a ritial onentra-
tion given by x = const. (∆DM/J) ≈ 2%, where const.
is O(1) (see also urves in Figs. 4 and 5). The meha-
nism for the redution of the DM gap was traed bak to
the self-energy orretions due to the dipolar frustration
introdued by Sr doping, Mα with Z = 1 (z = 0), and
the theoretial urved was shown to agree quite well with
the one-magnon Raman experiments of Gozar et al.
10
In fat, these experiments, performed at 10 K, show
that at x = z = 0 the Dzyaloshinskii-Moriya (or in-
plane) gap is ma = 17.5 m
−1
(or 2.16 meV), whereas
it is redued by almost 30% at x = 1%, and it van-
ishes at x = 2%. In Fig. 4 we exhibit the Sr dependene
of the DM gap for various xed Zn onentrations (the
DM gap is given in units of J). As it is evident from
the plot, for small x and z the DM gap is always re-
dued. At large x, however, a reentrant behaviour is
observed already for very small Zn onentration. This
eet is largest lose to the Zn-free ritial onentration
x = 2%. In fat, while for x = 2% and z = 0 the DM
gap is zero
6,10
, we nd that for x = 2% and z = 15% the
DM gap is ∆DM ≈ 7.5 m−1, right above the lowest low-
energy uto for one-magnon Raman spetrosopy (∼ 5
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0.006
0.008
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z=0.15
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( in units of J )
FIG. 4: Dependene of the DM gap (∆DM = Ma, in units
of J) on Sr doping x at various xed Zn onentration:
z = 0, 0.05, 0.1, 0.15, 0.2. Although Zn and Sr independently
redue Ma, when ombined an enhanement of Ma does o-
ur.
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FIG. 5: Dependene of the DM gap (∆DM = Ma, in units
of J) on Zn doping z at various xed Sr onentrations: x =
0, 0.01, 0.0198, 0.0202, 0.03. The nonmonotoni and reentrant
behaviours for Ma is evident.
m
−1
). Thus, we predit that low-energy Raman exper-
iments in La2−xSrxCu1−zZnzO4 samples with x ≈ 2%
and z = 15% should observe a lear signal of a one-
magnon mode with energy lose to 7.5 m−1 in the B1g
sattering geometry,
11,27
suh as the ones performed by
Gozar et al.
10
in Zn-free samples.
8Fig. 5 shows the evolution of the DM gap as a fun-
tion of Zn doping for various xed Sr onentrations.
The nonmonotoni (for x = 0.0198) and reentrant (for
x ≥ 0.02) behaviours predited by our theory for the
DM gap are also evident from this plot. As expeted,
all urves ollapse into a single urve in the highly Zn-
diluted regime. For ompleteness we show in Fig. 6 a 3D
plot with the evolution of the DM gap with both Zn and
Sr doping.
As we have disussed in the previous setion, the key
mehanism for suh nonmonotoni and reentrant be-
haviour observed in the DM gap, through dilution by Zn,
is the derease of the eetive dipolar-magnon oupling
onstant λ → Kλ in Eq. (16), whih therefore redues
the self-energy orretions to the magnon gaps, see (Eq.
28).
Let us now list a number of preditions from our stud-
ies, for a few seleted doping onentrations of Sr and
Zn, that an be veried experimentally.
1. For La2Cu0.96Zn0.04O4, that is x = 0 and z = 0.04
where
√
Z ≈ 0.9, we estimate that the redution of
the DM gap will be of about 10% from the undoped
x = z = 0 value.
2. For La1.99Sr0.01Cu0.97Zn0.03O4, that is x = 0.01
and z = 0.03 where
√
Z ≈ 0.92, the redution of
the DM gap will be smaller than the naive 8%, due
to Zn, over the 30% due to Sr. This is beause
of the dilution of frustration in the dipole-magnon
oupling.
3. For La1.98Sr0.02Cu0.85Zn0.15O4, that is x = 0.02
and z = 0.15 where
√
Z ≈ 0.6, we predi that the
Dzyaloshinskii-Moriya gap is atually nonzero. In
fat, due to the redution of 40% in the dipole-
magnon interation, the DM gap is found to be
7.5 m−1 and thus large enough, so that it an be
aessed with one-magnon Raman spetrosopy.
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FIG. 6: 3D plot with the dependene of the DM gap (∆DM =
Ma, in units of J) on both Sr and Zn doping.
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FIG. 7: Dependene of the XY gap (∆XY = Mc, in units of
J) on Sr doping x at zero Zn onentration: z = 0.
B. XY or out-of-plane gap
The mehanism for the redution of the XY gap is the
same as the one disussed in the previous setion, see Eq.
(28). For the XY gap the available data also omes from
one-magnon Raman spetrosopy experiments.
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For x =
z = 0 and at 10 K the XY gap is mc = 36 m
−1
(or 4.3
meV), and is redued by almost 15% at x = 1%.
The dependene of the XY gap on Sr doping, aording
to our theory, is shown in Fig. 7. We nd that at x = 1%
and z = 0 the XY gap is redued by almost 10%, whih
is not far from the experimentally measured value, and
it vanishes at x = 0.04. When Zn is also inluded in
the alulations we obtain a similar nonmonotoni and
reentrant behaviour, as observed for the DM gap (see
the 3D plot in Fig. 8).
The vanishing of the XY gap at x = 4% for z = 0
has another very interesting onsequene. As it has been
proposed by Jurii et al.,
6
for z = 0 and x > 0.02,
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FIG. 8: 3D plot with the dependene of the XY gap (∆XY =
Mc, in units of J) on both Sr and Zn doping.
9after the DM gap has disappeared, the magnetism be-
omes inommensurate (the staggered moment beomes
helioidal along the b-axis) with an inommensurate wave
vetor Q ‖ b and with magnitude
Q =
√
x2 − M˜c(x, 0)2, (30)
where M˜c = Mc/ρs is dimensionless. As a onsequene
of the nonzero harater of Mc, the inommensurability,
for 0.02 < x < 0.04, deviates from the linear behaviour
Q = x, as indeed observed experimentally.28 For higher
Sr doping, however, when Mc(x > 0.04) = 0, the linear
relation Q = x beomes exat.28
C. Order parameter
Beause of the DM and XY anisotropies, at zero ap-
plied magneti eld the staggered order parameter is
oriented along the orthorhombi b axis with magnitude
σ0(x, z). In the presene of a longitudinal magneti eld,
B ‖ b, the spins start to rotate on the bc plane as de-
sribed theoretially by Silva Neto and Benfatto in Ref.
11 (see also Benfatto et al. in Ref. 27) and experimen-
tally measured with neutron diration by Reehuis et al.
in Ref. 15. At a ritial eld determined by the DM gap
Hc(x, z) = Ma(x, z), (31)
a spin-op transition ours, where the in-plane ompo-
nent of the order parameter beomes oriented along the
orthorhombi a axis. Thus, any nonmonotoni and reen-
trant behaviour of the DM gap will result on a similar
reentrant behaviour for the ritial eld. This is a pre-
dition that ould be deteted by neutron sattering ex-
periments.
D. Néel temperature
In the ase of single rystals doped with Sr and Zn, the
available data from Ref. 3 were obtained with samples
whih ontained less than 30% of Zn. Therefore, in this
doping range the dependene of TN(z) is linear and is well
desribed with the bond perolation fatorK(z) = 1−3z.
The Néel temperature, TN(x, z), where the order pa-
rameter vanishes, is given by Eq. (11), with the sti-
ness and magnon gaps renormalized by the impurities,
see Eqs. (28) and (29). As it happens with the DM gap,
we nd that TN exhibits a nonmonotoni and reentrant
behaviour as the Zn onentration is inreased, see Fig. 9.
In partiular, we nd a monotoni derease in the slope of
the urves TN (x, z = 0) and TN(x, z = 0.15), in qualita-
tive agreement with the experiments of Hüker et al.
3
, see
Fig. 10. Sine we neglet the self-onsistent renormaliza-
tion of the magnon gaps with temperature, the agreement
of our theoretial urves for TN with experiments is only
qualitative, in ontrast to the low-temperature results for
the DM gap disussed above, whih are quantitative.
0 0.05 0.1 0.15 0.35
Zn content (z)
50
100
150
200
250
300
x = 0.0198
x = 0.01
x = 0
x = 0.0202
x = 0.03
+
*
0.2 0.25 0.3
x
T  (fixed x, z)
N
( in K )
FIG. 9: Dependene of TN (in K) on Zn doping z at various
xed Sr onentrations x = 0, 0.01, 0.0198, 0.0202, 0.03. The
nonmonotoni and reentrant behaviours are evident.
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FIG. 10: Dependene of TN (in K) on Sr doping x at two
dierent Zn onentrations: z = 0 and z = 0.15. The slope
of the urves dereases monotonially with inreasing Zn on-
tent.
It is worth emphasizing that the nonmonotoni be-
haviour exhibited by our theoretial urve x = 0.0198 in
Fig. 9 is experimentally observed already at x = 0.017.
Moreover, the 2D-Ising-like behaviour of the urves in
Fig. 10 are atually an artifat of the dimensionality (we
are onsidering an easy-axis 2D NLSM) and of the ap-
proximation (we are negleting the thermal renormaliza-
tions of the gaps). We expet that by inluding the self-
10
onsistent thermal renormalizations and interlayer ou-
pling, the agreement between theory and experiment in
Fig. 10 will be satisfatory. Nevertheless, the qualitative
agreement with experiments gives strong support to the
model and mehanisms onsidered here.
E. The weak-ferromagneti moment
The staggered pattern of tilted otahedra in
La2CuO4 is known to be responsible for a weak-
ferromagnetism, signaled by a usp in the low-eld mag-
neti suseptibility.
29
Within the language of the NLSM
(see Ref. 9), suh weak-ferromagneti moment is propor-
tional to the Néel order parameter via the equation
〈L〉 = 1
2J
[〈n〉 ×D+] . (32)
Sine within the Néel phase the average value of the stag-
gered magnetization is 〈n〉 = (0, σ0, 0) (in the abc or-
thorhombi oordinate system), any nonmonotoni and
reentrant behaviour observed in σ0 will ause also a sim-
ilar eet in the weak-ferromagneti moment, and this
an be aessed in magneti suseptibility experiments.
V. CONCLUSIONS AND OUTLOOK
In this paper we revisited the problem of the dilution of
frustration in La2−xSrxCu1−zZnzO4, within the frame-
work of a generalized NLSM that inludes DM and XY
anisotropies. We showed that dilution by Zn weakens
the frustration by Sr through the redution of the dipole-
magnon oupling onstant, see Eq. (16). This leads to a
nonmonotoni and reentrant behavior not only for TN
but also for other observables like the order parame-
ter, the weak-ferromagneti moment, and the anisotropy
gaps.
Most remarkably, we predit that for x ≈ 2% and
z = 15% the DM gap is approximately 7.5 m−1, that
is, larger than the lowest low-frequeny uto for Raman
spetrosopy (∼ 5 m−1) and thus likely to be observed in
one-magnon Raman sattering. Furthermore, when the
WL expression for the bond perolation fator is inorpo-
rated into our NLSM desription, not only as a redution
fator for the spin-stiness but also and most importantly
for the redution of the anisotropy gaps, we nd that
our NLSM with dilution desribes orretly the data for
TN(x = 0, z), also in the highly Zn-diluted regime. Fi-
nally, we have also found that the XY gap vanishes, in
the absene of dilution, for x = 0.04 and this is onsistent
with the deviation from linearity, for 0.02 < x < 0.04,
of the inommensurate peaks seen in neutron sattering
within the spin-glass phase of La2−xSrxCuO4.
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APPENDIX A: DERIVATION OF SITE AND
BOND PERCOLATION FACTORS
This derivation an be found also in Ref. 23, but for
the sake of ompleteness we will here go through the basi
steps of the derivation.
Averaging the site perolation fator we obtain
P∞ = P∞(z) =
1
Na2
∫
d2rp(r) =
a2(N −NZn)
Na2
= 1−NZn/N = 1− z, (A1)
where averaging p(r) over a 2D volume implies that we
have to normalize it with Na2, N being the number of
sites in the Cu-lattie.
We onsider pj to be smooth, and thus we an expand
it in the neighborhood of the i-th site pj = pi + a∇pi.
Hene, the bond perolation fator Kij = pipj in the
ontinuum limit beomes
K(r) = p(r)[p(r) + a∇p(r)] = p(r) + 1
2
a∇p(r),
leading to
K = K(z) =
1
Na2
∫
d2r
[
p(r) +
1
2
a∇p(r)
]
= 1− z + a
2Na2
∫
d2r∇p(r)
= 1− z + a
2Na2
(−1)
∑
Zn
∫
ontours
= 1− z − aNZn4a
2Na2
= 1− 3z (A2)
Using Stoke's theorem in the above formula we obtained
the integration over a ontour of the 2D volume, whih
splits into the sum of ontours over Zn impurities. The
minus sign aounts for the opposite orientation of the
small ontours with respet to the larger one.
APPENDIX B: NLSM WITH DILUTION
In La2CuO4 the DM vetors are in good approxima-
tion perpendiular to the Cu-Cu bonds and hange sign
from one bond to another, while the XY matries pro-
vide an easy-plane anisotropy. It is worth noting that
the pure 2D system dened by the ation (1) does not
display a rotational symmetry, so it an have order at -
nite temperature without violating the Mermin-Wagner
theorem.
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Before we proeed with the derivation of the NLSM,
let us reall some tehnial details: d+ is a vetor in the a
orthorhombi diretion; and i is an index on a 2D lattie,
so i should be understood as (p, q) and (−1)i as (−1)p+q.
Furthermore, we shall use that∑
<i,j>
Dij =
∑
i
Di,x +Di,y = 2
∑
i
d+,i, (B1)
Ωi = (−1)ini + ali − 1
2
(−1)ia2nil2i , (B2)
with ni · li = 0,
nj = ni − rlij∂lni +
1
2
rlijr
m
ij ∂l∂mni, (B3)
and nally
a2
∑
i
=
∫
d2r. (B4)
Let us rst transform the Heisenberg term of the
Hamiltonian. Using Eqs. (B2) and (B3) and negleting
O(a3) terms we get
HH = JS
2
∑
<i,j>
ΩiΩj
= JS2
∑
<i,j>
[
1
2
rlijr
m
ij ∂lni∂mni + 2a
2l2i
]
= JS2a2
∑
i
[
1
2
(∇ni)2 + 4l2i
]
. (B5)
In the ontinuum limit the Heisenberg Hamiltonian reads
HH =
JS2
2
∫
d2r
[
(∇n)2 + 8l2] . (B6)
In the diluted ase, we should multiply Ωi with pi.
Hene, Eq. (B5) would be modied as follows
HdH = JS
2
∑
<i,j>
pipjΩiΩj ,
where the index "d" stands for "diluted". We want to
treat the stati impurities as an average eet, thus we
substitute pipj in the above equation with < pipj >=
K(r), the bond perolation fator (for more details, see
hapter 3 or Ref. 23). We simplify the problem even more
by onsidering the averaged one, taking< K(r) >= K(z)
(for the shortening of the notations in what follows we
will use K instead of K(z)), where z is the Zn onentra-
tion. Thus, in the diluted ase Eq. (B6) reads
HdH =
JS2K
2
∫
d2r
[
(∇n)2 + 8l2] . (B7)
Following a similar proedure, we may transform the DM
and XY terms of the Hamiltonian. For the DM Hamil-
tonian we get
HdDM =
4S2K
a
∫
d2r [d+ · (n× l)] . (B8)
For the XY Hamiltonian in the ontinuum limit we nd
HdXY =
2S2K
a2
∫
d2r
[
(Γ1 − Γ3)n2z
]
, (B9)
where we negleted the small terms like Γ(∇n)2 and Γl2.
Now, we will disuss in detail a Wess-Zumino term
in 2D for the diluted ase, sine it didn't appear in the
literature. For the 1D ase we refer the reader to Ref. 30
(lean system) and Ref. 23 (diluted system).
Following Fradkin (see Appendix A or Ref. 30), we
write the Wess-Zumino ation on a lattie (notie that
(p, q) are the indies along x and y diretions respe-
tively, in ontrast with i and j, whih take values on a
2D lattie)
δSWZ = δΩ ·Ω× ∂0Ω (B10)
SWZ = S
∫ T
0
dx0
∑
p,q
SWZ [Ω(p, q)]
=
S
2
∫ T
0
Nx/2∑
p=1
Ny∑
q=1
{S[Ω(2p, q)] + S[Ω(2p− 1, q)]}
+
Nx∑
p=1
Ny/2∑
q=1
{S[Ω(p, 2q)] + S[Ω(p, 2q − 1)]}

(B11)
In the seond and third lines of Eq. (B11) we reognize
δSWZ , whih an be expressed through Ω. Using the
spin deomposition (B2), we get
δxΩ(p, q) = Ω(2p, q) +Ω(2p− 1, q)
= (−1)2p[n(2p, q)− n(2p− 1, q)]
+ 2al(2p, q) + O(a2)
= a∂xn+ 2al. (B12)
Analogously, we transform the third line of Eq. (B11)
δyΩ(p, q) = a∂yn+ 2al. (B13)
Let us note that
Nx/2∑
p=1
Ny∑
q=1
=
1
2
∑
all sites
=
1
2
∑
i
→ 1
2a2
∫
d2r. (B14)
Plugging (B10), (B12) and (B13) into (B11) and hav-
ing in mind (B14), we obtain for the Wess-Zumino ation
(deomposing (B10) into staggered and uniform ompo-
nents, we keep only rst order terms in a)
SWZ =
Sa
4
∫ T
0
dx0
∑
i
[(∇ni+4li) · (ni× ∂0ni)]. (B15)
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The rst term in Eq. (B15) is a topologial term. It was
demonstrated by Haldane
31
that in D>1 this term sums
to zero in the AF bakground.
The total Eulidean ation reads
SE = −iSWZ + SH + SDM + SXY . (B16)
Now we are ready to write a Wess-Zumino Lagrangian
LWZ = −iS
a
∫
d2r[l · n× ∂τn]. (B17)
In the presene of dilution the ation (B17) will be mul-
tiplied with P∞. The explanation is the following: in
the expression for δSWZ (B10) we will have a fator p
3
,
whih by denition is equal to p (and we further simplify
the problem by taking < p >= P∞). We an arefully do
the proedure in Eq. (B11) in the diluted ase, but sine
we neglet O(a2) terms, the answer will be the same.
Let us now summarize the results obtained so far. The
total Eulidean ation in the diluted system reads
S =
∫
dτ Ltot, (B18)
with Ltot = LWZ + LH + LDM + LXY and
LWZ =
−iSP∞
a
∫
d2r [l · (n× ∂τn)] , (B19)
LH =
JS2K
2
∫
d2r
[
(∇n)2 + 8l2] ,
LDM =
4S2K
a
∫
d2r [d+ · (n× l)] ,
LXY =
2S2K
a2
∫
d2r
[
(Γ1 − Γ3)n2z
]
.
Now we integrate out l in a sense of a saddle point solu-
tion. We have to nd a solution of an equation
δLtot
δl
= 0
and plug it into Eq. (B18). Doing this, we get
l =
iP∞
8JSaK
(n× ∂τn) + 1
2Ja
(n× d+), (B20)
and
S =
1
2gc
∫
dτ
∫
d2r
[
P∞
K
(∂τn)
2 +Kc2(∇n)2
+ KD2+n
2
a +KΓcn
2
c
]
, (B21)
where we dened
gc = 8Ja2 - (bare) inverse transverse suseptibility,
c = 2
√
2JSa - (bare) spin-wave veloity,
D+ =
√
2gcS2/Ja2d+ = 2
√
2Sd−→e a - DM vetor,
Γc = (4gcS
2/a2)(Γ1 − Γ3) - XY anisotropy.
It is onvenient to introdue the notations: D+ = ma and
Γc = m
2
c . Plugging this into Eq. (B21) and rewriting it
in a onventional way we get a nal expression for the
total ation in the presene of dilution
S =
1
2gcK/P∞
∫
dτ
∫
d2r
[
(∂τn)
2 + Z{c2(∇n)2 +m2an2a +m2cn2c}
]
, (B22)
where Z = K2/P∞.
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